ABSTRACT: Covalent functionalization of single-walled carbon nanotubes (SWCNTs) introduces red-shifted emission features in the near-infrared spectral range due to exciton localization around the defect site. Such chemical modifications increase their potential use as near-infrared emitters and single-photon sources in telecommunications applications. Density functional theory (DFT) studies using finite-length tube models have been used to calculate their optical transition energies. Predicted energies are typically blue-shifted compared to experiment due to methodology errors including imprecise self-interaction corrections in the density functional and finite-size basis sets. Furthermore, artificial quantum confinement in finite models cannot be corrected by a constant-energy shift since they depend on the degree of exciton localization. Herein, we present a method that corrects the emission energies predicted by time-dependent DFT. Confinement and methodology errors are separately estimated using experimental data for unmodified tubes. Corrected emission energies are in remarkable agreement with experiment, suggesting the value of this straightforward method toward predicting and interpreting the optical features of functionalized SWCNTs.
S ingle-walled carbon nanotubes (SWCNTs) have been a subject of intense investigation since their discovery in 1991 1 due to their chirality-dependent electronic and optical properties, 2, 3 which make them useful for a wide range of applications including photovoltaics, 4−7 sensors, 8−13 and light emitting diodes. 14−18 Due to differences in electron confinement along the radial direction of SWCNTs, emission energies vary from approximately 1000 to 1200 nm for nanotubes with diameters between 0.6 and 1.0 nm, respectively. While these diameter-dependent emission properties introduce some degree of tunability in pristine SWCNTs, further modification of their electronic and optical properties can be accomplished through covalent functionalization of the nanotube with small organic molecules. 19 In particular, SWCNTs functionalized by a low concentration of oxygen 20−23 or aryl species 24−28 form covalent bonds at the sidewall of the SWCNT generating sp 3 -defects in the sp 2 -hybridized carbon lattice. This chemical defect, also referred to as a quantum defect 19, 21 or a dopant, 23 localizes the excited state electron density by forming a potential well in the immediate vicinity with a depth of 100 to 300 meV. 19, 28, 29 Thus, the energy splitting and optical selection rules for the lowest-energy excitons are changed 30, 31 and dark excitons are brightened. 28, 32 Following absorption along the pristine portion of the tube at energy E 11,A , the exciton becomes trapped at the defect site (*) and undergoes vibrational reorganization and emission 29, 33 at energy E 11,E * in the near-infrared range. 20 Due to formation of a deep confinement potential, these defect states are also expected to maintain single photon emission of IR and near-IR wavelengths. In line with this expectation, room temperature single photon emission, 34 as well as tunability of this quantum light emission to 1.55 μm, 24 has been recently demonstrated. This opens a new path to realize room temperature single photon sources operating at telecommunication wavelengths, since the emission of the defect states can readily be extended to this range via use of larger diameter SWCNTs. 24 The precise energy of emitted photons depends on the position of defects at the nanotube surface, corresponding to different degrees of exciton localization, 25 as well as on the chemical composition of the functional group. 19 Furthermore, functionalization facilitates photon upconversion 35 and stabilizes trions at room temperature, 36 making SWCNTs an attractive material for emergent photonic applications. Realization of this tremendous potential demands a detailed understanding of the electronic structure and chemical nature of the SWCNT defect states.
Density functional theory (DFT) has been widely utilized and shown to be instrumental in predicting and interpreting o p t i c a l f e a t u r e s o f c o v a l e n t l y f u n c t i o n a l i z e d SWCNTs. 21,23,25,30,31,37−39 However, experimental systems are on the order of micrometers in length, which is prohibitively expensive for DFT if periodic boundary conditions are not used. 40−42 Moreover, periodic boundary conditions with small unit cells may introduce spurious interactions between functional groups. Alternative models use finite-length nanotube segments sufficiently long to minimize the effects of artificial quantum confinement introduced by the model. In order to utilize time-dependent DFT (TDDFT) approaches 43 to study the excited state properties, the size of SWCNTs is commonly reduced to nanometer length scales to make them feasible for calculations. 30, 37, 44, 45 To qualitatively replicate the electronic structure of the effective infinite-length SWCNT systems, it is imperative to passivate the dangling bonds at the ends of finite SWCNTs with a scheme involving hydrogen and methylene groups. 44, 46 While qualitative trends derived from finite models of SWCNTs may be useful toward analyzing optical features due to chemical modifications, the value of quantitative data is compromised due to several approximations. These include artificial localization of excitons due to tube ends, known as quantum confinement error, and the methodology error introduced by use of an incomplete basis set and self-interaction errors in the density functional. Collectively, these errors tend to blueshift computed optical transitions relative to experimental values. 25 Notably, such blue-shifts are more pronounced for hybrid density functionals, while providing a physically meaningful description of excitonic effects in these materials. 47 Ideally, energies must be consistently corrected to compare theory to experiment. One method would be to introduce a constant energy shift (or so-called "scissor operation"), as typically applied for conjugated systems such as semiconducting polymers and pristine SWCNTs. 48 While this method is simple, it does not consider the two sources of error independently. Methodology errors are similar across all species (e.g., different tube chiralities), whereas confinement errors depend on the degree of electron localization and may be insignificant for species with excitons strongly localized close to the defect site, as compared to those delocalized across the entire tube. In the latter systems, a constant shift may overestimate energies, since it neglects species-dependent confinement error. As such, a subsequent subtraction of confinement error proportional to the degree to which the exciton is localized would be required. In this case, a proper scheme that corrects transition energies with different degrees of exciton localization must treat confinement and methodology errors independently.
In this paper, we present an approach that corrects energies obtained from TDDFT and allows for direct comparison of the calculated optical spectra with experimental spectra of functionalized SWCNTs. Confinement errors are estimated by considering the length dependence of absorption energies of four different chiralities of SWCNT functionalized by aryls in different configurations, Figure 1 . A correlation between extrapolated emission energies at infinite-lengths and redshifts in finite systems is then established. Empirical energy corrections determined solely from experimental emission energies of pristine SWCNTs are used to estimate methodology errors. The proposed method avoids the large computational expense of calculating the excited state properties for very large systems and allows comparing various chosen model chemistries (i.e., DFT functional/basis set) with experimental data. This method is computationally efficient and can be used to correct the computed emission features in functionalized SWCNTs providing quantitative accuracy. Furthermore, this method has potential to be useful in low-dimensional excitonic systems such as quantum dots, 2D materials, and different heterostructures, provided the availability of adequate computational models to track size-dependent trends in electronic excitations. A necessary requisite of this approach is to have reference experimental data for some electronic excitations.
Four model systems of varying length ranging from 4 to 18 nm were considered for each chirality and configuration ( Figure  1 ). The optical transition energies were calculated for each length to establish scaling relationships between optical transition energies and the extent of the excitons. Adjustment of the resulting relationship to match experimental values of the pristine system enables prediction of emission energies for the functionalized systems (Figure 2 ). Two density functionals (B3LYP and CAM-B3LYP) were used for this procedure. Due to different components of hybrid exchange, these models provide different values for optical transition energies. While values predicted by B3LYP are more comparable to experimental values, CAM-B3LYP has previously demonstrated superior localization characteristics in functionalized SWCNT systems. 49 The procedure introduced here enables quantitative agreement with experiment while using density functionals that demonstrate qualitatively accurate behavior. For computational efficiency, the minimal STO-3G basis set was utilized for all the calculations. Further details are provided in the Computational Methods section.
Absorption energies at the defect site, E 11,A * , depend on exciton localization caused by chirality and the configuration of functionalization (Figure 2a−d) . The slope of the correlation relates to the dependence of confinement on E 11,A * . For all chiralities, the greatest slope is observed for E 11 of the pristine SWCNT, which is expected since these excitons are the most delocalized. Covalently bound functional groups localize the exciton around the defect site, where functionalization configurations with the highest exciton localization show the most red-shifted emission ( Table 1 ). The change in E 11,A * with a lengthened system is therefore less significant in the species with the most localized exciton (lowest energy curves in Figure  2a . Due to this saturation, it is assumed that the confinement error estimated for infinitely long SWCNTs is eliminated, providing the basis for deconstructing the methodology and confinement errors independently from each other, as described in the Computational Methods section.
The extrapolated energies at infinite-length are consistent with the previous discussion; localized excitons produce lower absorption energies than delocalized excitons. The only deviation from this trend is observed in near-armchair systems calculated by CAM-B3LYP, where the energy of pristine E 11,A * drops below E 11,A * of the (+) exciton (inset of Figure 2b ). This anomaly is very small (crossover of less than 20 meV) and disappears when calculated with B3LYP (Figures S1c and S2c). 
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Letter Literature reports have demonstrated dependence of the degree of charge localization on density functionals in both anionic and cationic cycloparaphenylenes, the simplest structural unit of armchair SWCNTs. 33 These systems exhibit maximum charge density near the central portion of the tube when calculated with CAM-B3LYP, and a more homogeneous charge distribution when calculated with B3LYP. In the present study, differences in the correlations between E 11,A * and lengths using both B3LYP and CAM-B3LYP functionals demonstrates that the same observations can be extended to other smalldiameter SWCNTs. The slopes in the energy-length correlations for (5,4), (6, 5) , and (9,1) chiralities are nearly identical for both functionals where excitons are delocalized across the length of the tubes (Figures S1−S4 in the SI). For larger diameter (11,0), the slope is reduced due to a higher degree of localization (Table S2 , Figure S5 ). Dependence of strongly localized E 11,A * on length is generally smaller with CAM-B3LYP than B3LYP for all functionalized SWCNTs, because the B3LYP functional is known for its overestimation of delocalization character of orbitals. 44 In order to obtain corrections for the computed energies, we approximate emission energies by absorption energies extrapolated at infinite-length. Such an approximation is valid due to sufficiently small Stokes shifts observed in nanotubes. 45 Additionally, our previous studies demonstrate that calculations of the lowest optically active states in absorption spectra provide a qualitatively correct description of emission transitions in both pristine and functionalized SWCNTs. 45 Next, the emission energies at the infinite-length limit are linearly correlated to the E 11,E (3)−E 11,E * (3) redshifts in SWCNTs of three unit cells in length, as presented in Figure  2e −h. The E 11,E (∞) transitions for pristine SWCNTs are defined for E 11,E (3) − E 11,E * (3) ≈ 0 and are aligned with those determined from experiment. 50 The Computational Methods section presents further discussion of this procedure.
Notably, E 11,E (∞) varies for different diameter tubes consistent with exciton confinement in the dimensions perpendicular to the SWCNT axis and exhibits the same degree of diameter dependence as experimental values 50 ( Figure 3a) . The pristine (11,0) systems exhibit the least amount of confinement along circumference due to their larger diameter and therefore exhibit the smallest emission energies. Conversely, (5,4) systems exhibit more circumferential confinement and larger emission energies. These well-established trends are similar for both extrapolated E 11,E (∞) and E 11,E (3) taken directly from three unit-cell calculations, while slightly higher values of E 11,E (3) originated from the axial confinement effect. Differences between E 11,E (∞) and E 11,E (3) are in the range from 0.04 to 0.14 eV, nearly independent of density functional (Figure 3b) . Furthermore, the magnitudes of these differences are diameter dependent. However, the step-like trend between near-armchair or near-zigzag tubes is less pronounced in calculations with three unit cells, but is evident in extrapolated energies, especially when calculated using B3LYP functional (Figure 3a) .
The extrapolated energies plotted against the calculated energies of emission features generates the correlation that is subsequently used for correcting the calculated emission values. These are presented in the right panels of Figure 2 . The magnitude of the slopes reflect the degree to which confinement versus methodology errors affect computed results. When the slope is significantly smaller than 1 (as in the near-armchair systems), more error originates from confinement, which affects the transition energies for functionalization configurations with localized excitons to a lower degree than those with delocalized excitons. A slope close to 1 indicates confinement errors are less significant compared to methodology errors. Thus, a constant energy shift contributing mainly from the methodology error dominates in (9,1) and (11,0) systems. As such, we define the methodology error as a difference between the experimental energy of the main E 11 band of the pristine SWCNT and the extrapolated E 11 energy of an infinitely long nanotube model for the most localized systems (calculated with eq 3 and illustrated in Figure S6 ). It results in the constant red-shift of E 11,E * for each functionalized SWCNT, with the value depending on the tube chirality and the DFT functional, as shown in Figure 4 .
Overestimation of HOMO−LUMO gaps and emission energies using CAM-B3LYP has been well documented. 48 The same is observed in Figure 4 for all functionalization configurations: methodology errors are roughly 0.4 to 0.6 eV with CAM-B3LYP and 0.05 to 0.15 eV with B3LYP, depending on tube chirality. Confinement errors, calculated by eq 4 (see Computational Methods) and defined as the difference between the total shift introduced by our method and the methodology error for each species, are also greater with CAM-B3LYP. Magnitudes of about half the methodology error in near-armchair systems with delocalized excitons are observed, resulting in significant blue shifts relative to experiment. However, any effect that localizes the exciton generally decreases confinement errors. For example, functionalization configurations that generate localized excitons exhibit less significant confinement errors. Furthermore, use of B3LYP results in confinement errors exceeding methodology errors 
Letter due to overlocalization of orbitals using this method. By contrast, similar systems calculated with CAM-B3LYP results in methodology errors always exceeding confinement errors, independent of the functionalization configuration. This can be rationalized by overestimated exciton energies and more localized character of orbitals, compared to those calculated by the B3LYP functional. Confinement errors are slightly reduced for near-zigzag systems when estimated by fitting to Kuhn's eq (eq 1, Computational Methods). This has been used to describe the length dependence of the optical properties in conjugated polymers. Because of the pseudo one-dimensional structure of these systems, we would expect Kuhn's formula to better approximate optical properties dependent on length in SWCNTs. However, the relative contribution of each type of error is independent of the fitting method ( Figure S7 and S8) . Further discussion of the differences between results from trends generated using a linear regression versus Kuhn fitting can be found in the Supporting Information.
Previous studies attribute the diversity of emission energies of functionalized SWCNTs to the presence of distinct chemical configurations. 25, 45 Due to the combined effect of confinement and methodology errors, practically all of the uncorrected emission energies calculated with CAM-B3LYP are higher than experimental energies E 11,E . These blueshifts may exceed 0.50 eV for all chiralities (Figures 5a and S9a-S11a) , indicative of the significant methodology errors with this density functional. Following a constant energy shift, some emission energies fall within the experimentally observed range (Figure 5b) . Solely shifting by a constant energy overcorrects defect-associated emission features due to the role of confinement errors in these systems relative to species with localized excitons. Shifting energies according to the method developed here, which includes both confinement and methodology errors, significantly improves agreement with experiment regardless if extrapolated energies were determined from linear or Kuhn scaling (Figures 5c,d ). Smaller methodology errors associated with B3LYP puts calculated energies in closer proximity to experiment, where E 11,E (∞) is blue-shifted from experiment only by about 0.25 eV, compared to 0.65 eV shift for CAM-B3LYP calculations (Figure 5b ). This is because B3LYP provides lower degrees of charge localization resulting in smaller methodology errors relative to those determined with CAM-B3LYP. However, fully corrected energies, including both methodology and confinement corrections, are within the experimental range. As such, this correlation approach only weakly depends on the nature of the underlying DFT model.
In conclusion, a correction scheme accounting for errors due to both electronic structure methodology and quantum confinement in finite-size covalently functionalized SWCNTs was developed. This approach enables calculation of accurate emission energies as compared to experimental data using only the experimental value of the excitonic transition energy E 11 in pristine (nonfunctionalized) SWCNTs. The validity of this correction scheme has been demonstrated using TDDFT methodology for excited state calculations of four nanotube chiralities ((5,4), (6, 5) , (9,1) and (11,0)), each chemically functionalized with aryl groups at six experimentally feasible but topologically distinct configurations. 25, 45 These corrections utilize numerically inexpensive vertical transition energies Computed energies of E 11,E * for the six different functional configurations of aryl-functionalized (6,5) SWCNTs (a) as calculated using the specified methodology, (b) shifted by a constant energy value, (c) corrected for confinement errors using linear regression to determine the effect of exciton localization on E 11,E * , and (d) by using a fit to Kuhn's formula to determine the effect of exciton localization on E 11,E * . Square, triangular, and circular markers represent functionalization along the (+), (++), and (−) configurations, respectively. Blue markers denote values for ortho functionalization, while red markers denote para. The left and right columns present the results as calculated using CAM-B3LYP and B3LYP, respectively. The area highlighted in yellow is the range of energies where emission features were observed experimentally, and the dashed vertical lines represent the experimental E 11,E of pristine SWCNTs. calculated for ground-state optimized geometries of SWCNTs of several different lengths. Length dependence of absorption energies is further fit to linear and Kuhn's formula. Notably, a simpler linear fit gives nearly indistinguishable results. As expected, confinement corrections are affected by the degree of exciton localization around the defect site, which in turn depends on the binding configuration and/or density functional used. Transition energies for systems with localized excitons quickly saturate with the tube length. Therefore, energy deviations in species with highly localized excitons around the defect sites are solely due to methodology errors. We find that methodology errors by far exceed confinement errors in calculations using the CAM-B3LYP functional. By contrast, these errors are approximately equal in magnitude when using the B3LYP model. Due to defect-dependent discrepancies in the degree of methodology versus confinement error, a constant energy shift is insufficient for correcting calculated energies to match experiment. By contrast, our proposed method shows improved correction, independent of exciton localization. Regardless of configuration, the degree to which methodology and confinement errors affect the results is dependent on exciton localization within the species. Therefore, the correction method presented here is valid for any chirality and defect conformation. In fact, corrected emission energies of functionalized (6, 5) SWCNTs are in excellent agreement with recently published experimental data. 25 Moreover, the end result is nearly agnostic to the density functional used, allowing for consistent comparison with experiment for different computational methodologies. We believe that this approach improves the predictive power of quantum-chemical calculations of excited states in chemically modified SWCNTs toward realizing a theory-guided materials design paradigm. This method has further potential to be useful in a variety of other low-dimensional excitonic systems such as quantum dots, 2D materials, and different heterostructures.
■ COMPUTATIONAL METHODS
Four SWCNTs of (5,4), (6, 5) , (9, 1) and (11,0) chirality with one to four unit-cells in length were constructed using the Visual Molecular Dynamics (VMD) software. 51 The dangling bonds at the end of the computational cell were passivated with a mixture of hydrogen and methylene groups using schemes that have been previously shown to eliminate midgap trap states and properly approximate the scaling-relationships for infinite length systems (Table S1) . 44 The pristine SWCNTs were functionalized with aryl and hydrogen groups in ortho and para positions, consistent with the synthetically relevant species established by previous studies. 25, 45 These groups are arranged across the six-membered ring from each other and along three distinct orientations with respect to the SWCNT axis ( Figure  1 ). For example, for (6,5) SWCNTs, these positions are denoted by L 30 , L 90 , and L −30 , where the subscript is the approximate angle between the vector connecting the two functionalized carbon atoms and the SWCNT axis, as previously defined in the literature. 25, 45 For purposes of comparing functionalized configurations across different chiralities, the smallest and largest positive angle with respect to the axis of the SWCNT are labeled (+) and (++) respectively, while the negative angle with respect to the SWCNT axis is labeled (−). Para configurations cover the entire energy range of emission features and capture the same localization-emission redshift behavior as ortho. Therefore, only para configurations were considered for establishing scaling factors in this report.
Geometries of all structures were optimized with DFT using the CAM-B3LYP 52 density functional and a STO-3G basis set. 53 These methodologies have previously been shown to be in reasonable agreement with experiment. 37, 48 The predicted energies of optical transitions have been previously shown to be qualitatively independent of basis set size, and quantitative agreement can be achieved by introducing a constant energy shift. 45 As such, the methodology correction developed here corrects for errors originating from basis set size as well. Vertical transitions were calculated from the ground-state optimized geometries of all functionalized configurations. This level of theory has been effective in predicting emission energies of functionalized SWCNTs. 25 It is worth noting that while previous calculations using B3LYP (a hybrid functional with a relatively small fraction of orbital exchange 20%) predict emission energies more consistent with experiment, 37 CAM-B3LYP (a range-corrected functional with a large fraction of orbital exchange, 20%−65%) was shown to better describe excitonic effects. 33, 47 Since this study seeks to predict properties explicitly considering various localization phenomena, both CAM-B3LYP and B3LYP 54 density functionals were used to predict optical properties. Given the large computational expense, DFT is only possible for SWCNTs up to approximately 16 nm in length. Excited-state optimized geometries, which are required to model emission features, are significantly more expensive and thus can only be used on even shorter systems. All functionalized configurations and pristine SWCNTs, except for (11,0), were optimized in the excited state using only three unit cells (∼10 nm). Due to much smaller size of the unit cell of (11,0) SWCNTs, we used 27 unit cells to reach ∼10 nm length. This length is expected to be enough to avoid spurious interaction of excitons with tube edges, since the experimental exciton size is about 2 nm in pristine SWCNTs. 48 The emission energies, E 11,E * (3), were determined by calculating vertical transition energies from the optimized excited-state geometries. 55, 56 All DFT and TDDFT calculations were performed using Gaussian 09 57 software. Confinement errors in calculated absorption energies E 11,A * were quantified by considering several SWCNTs of varying length from ∼4 nm to ∼16 nm. We are quantifying the length dependence on absorption as opposed to emission, since computational costs required to optimize excited-state geometries are too large for SWCNTs over three unit cells, while the confinement errors are expected to affect both quantities in a similar fashion. 42 Using calculated transition energies at finite lengths, we extrapolate absorption energies of infinite-length systems. This extrapolation was performed using both a linear regression and Kuhn's formula. 58, 59 The latter describes the length dependence of optical transitions in one-dimensional conjugated polymers and is given by 
where E 11,A * (N) is absorption at the defect site, N is length in units cells, A and B are fitting parameters, and 
where α is a slope estimated from the dependence of E 11,E * on the tube length (Figures 2 and S1 to S4), E 11,E (3) and E 11,E *(3) are the calculated emission energies of tube models of ∼10 nm in length corresponding to three unit cells, and E 11,E exp is the experimental value of emission energies in pristine SWCNTs taken from ref 50. This approximation is valid since the vibrational reorganization energies at the defect site are sufficiently small as compared to overall redshifts, ΔE = E 11,E (∞) − E 11,E * (∞), where E 11,E (∞) is the estimated emission energy of the infinitely long pristine SWCNT . 29, 45 This allows us to approximately account for these effects in the constant energy shifts.
Since the confinement insignificantly impacts the energy of localized excitons in tubes of length larger than 10 nm in length (Figure 2 and S1 to S4), we assume that only methodology error contributes in these systems while confinement error can be neglected. As such, we estimate methodology errors using the emission energy of the most localized exciton, E 11,E * loc (3), in each functionalized SWCNT as following:
